A multi-parameter optimization approach for a lightweight FRP composite triangular truss under nonlinear structural response constraints is presented in this paper. The composite truss exhibited bilinear behavior under three-point bending which was observed by both experimental and numerical investigation. 
Introduction
Fiber reinforced polymer (FRP) composite materials offer potential savings in structural weight and their structural applications have increased due to their excellent specific stiffness, specific strength, sufficient durability, and reduced energy consumption [1] . Trusses, as an efficient structural form, have been widely used in civil engineering and industry while composite truss structures have been widely applied in advanced transportation technologies. As an example, Schtüze [2] has used the triangular cross section lightweight carbon fiber composite truss in the Zeppelin airship.
Recent developments in manufacturing technologies have allowed composite truss structures to be integrally fabricated using filament winding with the same structural element repetitively appearing along the length. These new types of continuous filament FRP composite truss structures, also known as beam-like lattice structures, have attracted considerable attention due to their high efficiency in load distribution, long span, good integrity (few joints), and high specific stiffness and strength. An IsoTruss TM structure has been developed by Jensen et al. [3] [4] [5] whose manufacturing technique and mechanical properties have been researched over many years. Load transfer paths are mainly along the members of these truss structures. Continuous unidirectional FRP composite materials are particularly well suited for manufacturing these composite truss structures as the high directionality of unidirectional FRP composite materials allows the majority of material's stiffness and strength to be located and directed along the load transfer path. The high specific stiffness and strength of unidirectional FRP composite materials are fully utilized in these trusses, thus weight saving is achieved.
Further weight savings of the FRP composite truss structures can be achieved by geometric optimization. Optimization design for composite structures is a difficult task because of the numerous design variables and state variables which have to be simultaneously taken into account. Optimization procedures of composite structure are often developed for specific applications for which the geometry of the structure is simple. This is mainly due to the fact that the explicit analytic expressions of structural response are available in these cases [6] . Structural responses, such as stress, strain, load and displacement, are usually employed as constraints in an optimization process. Industrial composite structures exhibit more complex geometries and loading cases in which designers have to use finite element analysis (FEA) to obtain the structural response. For these structures, the approach of coupling optimization and finite element (FE) calculation is naturally adopted. Paluch et al. [6] and Walker et al. [7] have combined a finite element program and a genetic algorithm to optimize the ply thickness and orientation of composite laminated structure. Liu and Lu [8] have developed a multi-parameter optimization procedure for ultra-lightweight truss core sandwich panels by combining standard finite element analysis with structural system profile analysis and multi-factor optimization techniques.
The method of combining finite element analysis (commercial FE code) with standard optimization process work well for cases where the structural responses are under static linear mechanical behavior allowing easy extraction of data automatically, using an optimization program. For structures with nonlinear mechanical behavior, the solution and extraction of structural responses becomes much more time consuming and difficult when using FEA. In addition, for problems associated with FE nonlinear solutions, convergence difficulties due to large deformations causing mesh distortion were encountered which led to failure or low efficiency of the optimization process. Consequently, new means were explored and developed to obtain the values of structural response for the optimization process.
Researchers in the mid 1970s began to explore the use of approximation concepts as a device to reduce the number of structural analyses, and hence the total computational effort. Response surface methodology (RSM), as a robust global approximation method, is more capable of satisfactorily predicting structural response over a wide range of design space [9] . RSM is a set of techniques that encompasses:
(1) Designing a set of experiments that will yield adequate and reliable measurements of the response of interest;
(2) Determining a mathematical model that best fits the data collected from the design chosen in (1), by conducting appropriate tests of hypotheses concerning the model's parameters; and (3) Determining the optimal settings of the experimental factors that produce the maximum (or minimum) value of the response. and initially used to explore the relationship between the yield of chemical process and a set of input variables presumed to influence the yield. Since the pioneering work of Box and his colleagues, RSM has been successfully applied in chemical engineering, industrial development, biological research, and computer simulation [11] . Abu-Odeh et al. [9] has constructed the response surfaces of vertical displacement and three bending moment components at a point on a composite plate, which have been used in the optimization of a composite laminated plate, instead of an exact FE analysis, during constraint evaluation. Chen et al. [12] have combined the response surface method and a first order reliability method to calculate the safety index and failure probability. A discussion on the sensitivity of each variable that effects the reliability has also been included. A new method of experimental design has been proposed by Todoroki and Ishikawa [13] to obtain a response surface of buckling load of laminated composites. Lanzi and Giavotto [14] have developed a multi-objective optimization procedure for the design of composite stiffened panels and the response surfaces have been used to approximate the post-buckling behavior of the composite stiffened panels.
Previous optimization work employing response surface methods mainly focused on the composite laminated plates or stiffened panels. Limited studies have been performed on the long span composite truss structures under nonlinear structural response constraints. This paper proposes a multi-parameter optimization design approach combining the standard optimization program and a response surface methodology to minimize the structural weight of lightweight FRP composite truss structure under nonlinear structural response constraints.
Design optimization framework
This study has developed a multi-parameter optimization procedure of combining Compared to the FE solution, RSM is an approximation method and some errors are inevitable. RSM based optimization often leads to results that are close to the true global optimum but may never reach this exact value. The optimized results may need to be adjusted, by referring to a sensitivity analysis, before a final optimal design is obtained.
For the case of a triangular cross section lightweight FRP composite truss structure, four geometric parameters, circumscribing diameter of triangular cross section D, longitudinal member diameter d1, helical member diameter d2, and bay number N, are simultaneously taken into account as design variables (see Fig. 2 ). Total length L is fixed. The same structural element 'lXl' repeats along the length direction on three sides in this composite truss structure. It is of practical interest that the structural weight W of the composite truss is considered as the objective to be minimized. In many applications, the critical condition for the long span composite truss structure is buckling under bending load. Thus the composite truss structure under three-point bending is considered as the critical loading condition. For many composite structural components it is desirable for them to withstand external loads without suffering excessive deformation. From this point of view, the ultimate load Lt and the displacement under this load St are taken as constraints.
Consequently, the optimization design problem of minimizing structural weight of lightweight FRP composite truss structures subjected to nonlinear structural responses can be formulated as follows: minimize structural weight:
subject to ultimate load and displacement inequality constraints:
Geometry constraints are:
where f is objective function which can be written as:
ρL and ρH are the density of the longitudinal and helical members of the composite truss, respectively. g1 and g2 are performance functions [15] , describing the relationship between design variables and structural responses, which are always evaluated by analytical or numerical techniques [16] in optimization processes.
For ultimate load and displacement constraints, Lt p and St p are prescribed a minimum and maximum allowable value respectively, chosen according to the practical application requirements. Symbols l and u in the geometry constraints denote the lower and upper bounds of the design variables which will be given based on the considerations of the feasibility of manufacturing process and the rationality of the composite structure.
Applying the proposed design optimization framework to this practical case, three main research steps are included. 3) MATLAB Optimization Toolbox TM is employed to implement the optimization procedure. Performance functions g1 and g2 are used as constraint functions. Both the gradient-based and Genetic Algorithm optimizers [17] are chosen to solve this formulated mathematical optimization problem and optimized results are compared. Further validations of these optimal results are done for constraint violations by FEA. Slight adjustments to the geometry may be needed to ensure these violations do not occur which can be based on the observations obtained from a sensitivity analysis to develop the final optimal design.
Flexural properties of the composite truss

Experimental and numerical study
The composite truss specimen used in three point bending test has a total length (L) system. Just like in the composite IsoTruss TM [19] structures, a filament winding process has been employed to manufacture the triangular cross section composite truss specimen.
As shown in Fig. 3 , a three-point bending test is performed on a universal testing machine (UTM). In the middle of composite truss specimen, the apex of triangular cross section is employed as the loading point. i.e. a bilinear curve. The slope (k) of the first linear part defined by the elastic limit k = Lt/St which is 33.75 N/mm, this is an indication of the structural stiffness of the composite truss. After the elastic limit, continued loading caused a rapid increase in the displacement but almost no change to the bearing load. The failure of the composite truss specimen occurs soon after the elastic limit is reached and is caused by the local buckling of the members. Consequently, the ultimate load is only slightly higher than the load which causes the structure to yield. As the elastic limit (St, Lt) of the load-displacement curve indicates both the load bearing capacity and flexural stiffness of the lightweight composite truss, it can be considered as the most significant feature of this composite truss, under threepoint bending condition, and is chosen as structural response constraint for the optimal design.
Sensitivity analysis
To obtain the final optimal design of the composite truss, it is necessary to perform a sensitivity analysis of the design variables on the objective and constraint functions. In general, design sensitivity analysis is important to accurately determine the effects of changes to the design variables on the performance of composite structures. To evaluate these sensitivities efficiently and accurately, it is important to have appropriate techniques associated with good structural models [20] . A parametric finite element model is built in APDL in ANSYS and used to determine how the design variables (D, N, d1, d2 ) affect the structural performance (St, Lt). To ensure the loading point is located at mid span, the total bay number (N) is constrained to be an even number. Eq. Fig. 9 ).
To save time and overcome convergence difficulties, which may be encountered due to highly distorted elements in large deformation nonlinear FE solutions, a response surface was employed for constraint evaluation in the optimization loops.
The precision of the optimization solution depends only on the performance of the RSM which depends on the number of samples and the method used to select them.
Response surface models are multivariate polynomial models which can be written as:
where a0, ai, aij and aii are coefficients; xi and xj are variables. The model includes, from left to right, an intercept, linear terms, quadratic interaction terms, and squared terms. Higher order terms would follow, as necessary. Linear terms alone produce models with response surfaces that are hyper-planes. The addition of interaction terms allows for warping of the hyper-plane. Squared terms produce the simplest models in which the response surface has a maximum or minimum, and so an optimal response [11] . For this triangular cross section composite truss, a full quadratic response model is employed to construct performance functions g1 
where ai, bi (i = 0, 1, 2, …, 14) are coefficients to be determined by linear leastsquare fitting to sample data generated from numerical computation.
Although the precision of the response surface depends on the number of samples, a large quantity of samples will lead to significant computational costs.
Consequently, selecting an adequate amount of sample points which will produce acceptable accuracy in the regions of interest is vital for an accurate optimization procedure. To generate adequate sample points for fitting, central composite designs (CCDs), also known as Box-Wilson designs [11] , are adopted to design numerical experiments. Table 1 shows sample sets The 100 sample sets of (D, N, d1, d2) and corresponding (St, Lt) together with Eq.
(10) and Eq. (11) lead to a linear least-square fitting problem which is implemented in the MATLAB Statistics Toolbox TM and the fitting coefficients of g1 and g2 are listed in Table 2 . To assess the performance of the response surface model g1 and g2, the residual (r) between the exact FE result (y) and the results predicted by the response surface model (y') is defined as:
Residuals between (St, Lt) computed by FE simulation and (St', Lt') calculated by g1, g2 for all the 100 sample points are plotted in Fig. 10 . Except for a few boundary condition sample points (sample points located at bounds of a given design space), most of the results predicted by g1, g2 have good accuracy with the precision of g2 being higher than g1.
Optimization results
After obtaining the performance function g1, g2 by RSM, the constrained nonlinear minimization solver 'fmincon' and the genetic algorithm solver 'ga' provided in MATLAB Optimization Toolbox TM are employed to solve this formulated optimization problem. 'fmincon' solver attempts to find a constrained minimum of a scalar function of several variables starting at an initial estimate. This is generally referred to as constrained nonlinear optimization. Genetic Algorithm solver 'ga' is used to solve both constrained and unconstrained optimization problems based on natural selection, the process that drives biological evolution. The algorithm begins by creating a random initial population and repeatedly modified a population of individual solutions. At each step, the algorithm selects individuals at random from current population to be parents and uses them to produce the children for the next generation. Over successive generation, the population "evolves" toward an optimal solution. The algorithm stops when stopping criteria is met. 
where Eq. (16) is the nonlinear equality constraint ensuring that N is an even number.
One of the 100 sample points (D, N, d1, d2) = (450 mm, 24, 7.3 mm, 7.3 mm) with satisfied constraints (St, Lt) = (17.23 mm, 1098 N) and minimum total structural weight of W = 9.57 kg is selected as the design for comparison. For the 'fmincon' solver, two algorithms 'active set' and 'interior point' are optional and both of them have been used to solve this optimization problem. Three types of termination criteria are provided: the maximum number of iterations, the tolerance of the design variables, and the tolerance of the function value. When one of these termination criteria is satisfied, the optimization iteration will be finished [17] . All the criteria are set as default. Different random combinations of (D, N, d1, d2) in given bounds are used as starting points for the 'fmincon' optimization solutions. A starting point is not required by the 'ga' solver. Genetic algorithms allow global optimization but often lead to results that are only close to the global optimum.
Final adjustments to the optimal results are required based on the observations obtained from the sensitivity analysis.
The optimal results obtained by both of the 'fmincon' and 'ga' solver with different options are listed in Table 3 . The corresponding (St, Lt) values checked for violations on all these optimal designs by FE simulation are also listed in the table.
For all the 10 optimal results in Table 3 , No. 8 has the minimum optimized structural weight 4.394 kg while satisfies performance constraints (St ≤ 20 mm, Lt ≥ 1000 N), thus it is selected as the temporary optimal design for the following adjustments. Helical member diameter d2, which is the most sensitive to the structural weight, has already reached its lower bound and can not to be changed.
As shown in Fig. 9 , structural weight will decrease with decreases in D, N, and d1. In order to further minimize weight, adjustments should be made to produce minimal can be considered as the final optimal result. Compared to the initial design, a significant weight saving of 56% is achieved using this optimization approach.
Conclusion
A proposed multi-parameter optimization approach combining response surface 
